The lightning current derivative data recorded at the CN Tower during the past 18 years contain different kinds of noise and needs to be denoised for accurately determining the lightning current waveform parameters. It is usually a challenging task to denoise transient signals having large bandwidth without altering their waveshapes or shrinking their amplitudes. This paper deals with denoising the CN Tower lightning current derivative signals using several adaptive techniques. A new adaptive denoising approach (Divideand-Conquer) has been successfully used to denoise a vast variety of CN Tower lightning current derivative waveshapes. The supremacy of the new technique over the existing ones is outlined for a signal with a poor signal-to-noise ratio (SNR). While keeping the signal amplitude unchanged and preserving its waveshape, the new denoising technique improved its SNR from −22.93 dB to 71.41 dB.
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Introduction
Lightning is defined as a transient high current electric discharge. It occurs when a region of the atmosphere gains such a large charge that the electric field associated with it can cause an electric breakdown of the air [1] . These transient high currents reaching the earth can be devastating to the modern society. They frequently cause blackouts and they can destroy or interrupt the operations of communication networks, aircrafts, spacecrafts, and electric and electronic devices. Protection from its hazards has made of the lightning discharge an important area of research in many institutions since the 1970s [2] .
Lightning strikes to the Canadian National (CN) Tower have been observed since 1978. By the beginning of the summer of 1991, several measurement stations were operational to simultaneously capture the lightning current derivative at the CN Tower, the lightning-generated electromagnetic field, the lightning trajectory images taken from two orthogonal directions, and the return-stroke velocity [3] .
When analyzing lightning current signals, we are interested in accurately determining their waveform parameters, namely the current wavefront peak, the current wavefront maximum steepness, the 10-90% risetime to the current peak, and the pulse width at the 50% level of the peak [4] . These parameters are used in correlating the waveform parameters of the CN Tower lightning current with those of the corresponding generated electric and magnetic fields recorded 2 km north of the tower. These experimental correlations are necessary steps towards the evaluation and development of lightning return stroke models [5] . The proper calculation of the current waveform parameters is also necessary for the evaluation and possible calibration of the performance characteristics of lightning detection networks [6] . They are also essential in the construction of protection systems for power lines, telecommunication networks and sensitive electronic devices. However, since the first measurement of the lightning current derivative at the CN Tower in 1991, the extraction of the lightning current waveform parameters has been difficult because of the existence of different kinds of noise in the recorded data.
The noise deluding the measured CN Tower lightning current derivative signals includes high frequencies due to the essential function of the tower as a transmission hub, a DC offset which may be attributed to the current derivative measurement system, frequencies around 100 kHz due to Loran-C radionavigation systems where the tower acts as an efficient mono-pole receptive antenna at such frequencies [7] , and current reflections due to tower's structural discontinuities [8] .
In this paper, the CN Tower lightning current derivative measurement system is briefly described in Section 2. A current derivative signal with a low signal-to-noise ratio (SNR) captured at the tower is presented in Section 3. The current waveform parameters that need to be extracted from the measured signal and the effect of the noise on the extracted parameters are also discussed in Section 3. In Section 4, the adaptive techniques used for denoising the lightning current derivative signals are described. These denoising methods include; the Adaptive Wavelet Transform (AWT), the Modified Spectral Subtraction (MSS), the Method of Frames (MOF), the Best Orthogonal Basis (BOB), the Matching Pursuit (MP), the Basis Pursuit (BP), and the newly developed Divide-and-Conquer (DAC) approach. The results of the application of the described denoising techniques on the measured current derivative signal are discussed in Section 5 and the superiority of the results obtained by the Divide-and-Conquer technique over the other adaptive methods in denoising the lightning current derivative signal is demonstrated. The final conclusions are placed in Section 6.
Current derivative measurement system
As a result to the phenomenon of constructing high-rise buildings booming in the seventies, people were experiencing difficulties receiving their broadcasted TV programs. To solve this problem within Toronto and other cities in its vicinity, the CN Tower, the world's tallest man-made free-standing structures with a height of 553 m was built in 1976 as a telecommunication hub. Since then, the CN tower has been used as a broadcasting transmission facility, transmitting through its antennas in both the UHF and VHF bands more than 20 channels.
Observation of lightning to the CN Tower was initiated in 1978. By the beginning of the summer of 1991, five measurement stations were operational to simultaneously capture the lightning current derivative at the tower, the generated electric and magnetic fields 2 km north of the tower, the lightning trajectory images taken from two orthogonal directions, and the return-stroke velocity [3] .
The lightning current derivative (di/dt) measurement system is installed at the CN Tower. It consists of a 3-m (two 1.5 m-long sections) Rogowski sensing coil having a 40 MHz bandwidth with a sensitivity of 0.35 V/(kA/μs). The coil is placed at the 474 m above ground level (AGL) and encircles one-fifth of the tower's steel pentagonal structure [3] . It is connected via a 146 m triaxial cable to a recording system located at the 372 m AGL.
The recording system consists of a 10 ns, 10-bit, two-channel digitizer (Tektronix 710 A). It has a capacity of 128 kilobytes of memory per channel, which makes it able to register up to eight current derivative pulses in a lightning flash, each lasting 164 μs. A computer (Tektronix PEP 301) is used to control the Tektronix digitizer.
Lightning current derivative
A lightning flash may contain up to several strokes. A stroke is usually a transient high current electric discharge pulse.
The Rogowski coil measures a voltage signal that is proportional to the lightning current derivative (di/dt). The signal is registered on 16 kilobytes of memory by the recording system at a sampling frequency of 100 MHz. It forms what is called the current derivative signal. Fig. 1 presents a poor SNR lightning current derivative signal measured at the CN Tower on January 02, 1999 at 7:37 p.m. Fig. 2 represents the corresponding current waveform obtained by numerical integration. As shown in Figs. 1 and 2 , the current derivative and the current are almost completely embedded in noise.
The current derivative signals measured at the CN Tower are corrupted by different kinds of noise, partly due to the initial function of the CN Tower as a transmission facility. Some of the noise is due to the measurement system itself, like the DC component. Reflected currents due to the structural discontinuities of the tower add other interfering noise. The captured signal frequency is not expected to exceed 40 MHz since it is the sensing coil's bandwidth. However, different noise frequency components reaching the 100 MHz digitizer sampling frequency are found in the current derivative signal.
Furthermore, a low frequency component oscillating in the vicinity of 100 kHz is always visible in the recorded signals. This low frequency noise component has been identified to be a result of Loran-C signals [7] . The tower, in this case, acts as an efficient receiving antenna of Loran-C signals. The frequency spectrum of the measured current derivative signal is shown in Fig. 3 .
When analyzing a lightning current derivative signal, we are interested in determining the current waveform parameters, namely, the current wavefront peak, the current wavefront maximum steepness, the 10-90% risetime to the current peak, and the pulse width at the 50% level of the current wavefront peak.
Depending on the current wavefront peak and maximum steepness, the lightning current pulse may be clearly, slightly, or hardly distinguishable from the noise. In most cases, the extraction of the current waveform parameters from the measured signal is difficult.
Several methods have been tried to denoise the lightning current derivative signals measured at the CN Tower. Among the used denoising techniques we can mention the linear filtering, the Fourier transform, the short Fourier transform, the power spectrum subtraction and the wavelet transform [9] [10] [11] [12] [13] . These methods have not fully succeeded in denoising the signals without major deformation or shrinkage. To achieve the goal of denoising the vast variety of lightning current derivative signals with minimal shrinkage to their amplitudes and the least alteration to their waveshapes, especially their wavefronts, more adaptive denoising techniques such as the Adaptive Wavelet Transform (AWT), the Method of Frames (MOF), the Matching Pursuit (MP), the Best Orthogonal Basis (BOB), the Basis Pursuit (BP), the Modified Spectral Subtraction (MSS), and the Divide-and-Conquer (DAC) method have been investigated. In the following sections, we will describe these adaptive denoising techniques, and compare the results of their application in denoising a lightning current derivative signal having a very low SNR.
Adaptive denoising techniques

Denoising techniques
Measured signals are always accompanied by noise. The noise can have various sources, which can be related to the functioning of electronic circuits, the interaction between different parts of the measurement system, the power line, and interferences from the surrounding systems such as motorized equipment or electromagnetic transmission systems. The interaction of the noise with measured signals can be additive or multiplicative. The multiplicative noise can always be brought to an additive noise by taking the Cepstre of the signal and treating it as if it is added to an additive one [14] . This is why only the additive noise is always considered in the denoising processes, and this is what we will be considering in this paper. The noise associated with the CN Tower recorded signals is of a broadband type. Even though the amplitude distribution of the different components of the noise is not uniform, as shown in Fig. 4 , which represents a signal recorded at the tower in the absence of lightning (noise-only-signal), we will still consider it as Gaussian to use the different adaptive denoising techniques that exist, and that consider the noise to be Gaussian. In this setting, a desired measured signal s is supposed to be accompanied by noise during its recording, and the general recorded signal can be represented by
where z is supposedly a Gaussian N(0, 1) additive noise and σ is its level. 
When denoising adaptively a signal we usually represent it in a specific basis according to the adapted method (dictionary elements (φ γ ) γ ∈Γ ) that can be the Fourier transform, the wavelet transform, the wavelet packet transform, the cosine/sine packet transform, Gabor functions or any other function, and then consider only the components that contribute the most to the energy of the signal, or reject all parts of the signal (the residual R) that are below a specific threshold defined arbitrarily, empirically, or statistically [15] [16] [17] [18] . The threshold is usually chosen so that it satisfies certain conditions such as the minimal squared error on the estimated signal represented by the first part of the right-hand side of Eq. (2):
and a high probability that
In the following subsections we will introduce the adaptive techniques that have been used to denoise the lightning current derivative signals, such as the Adaptive Wavelet Transform, the Modified Spectral Subtraction, the Method of Frames, the Best Orthogonal Basis procedure, the Matching Pursuit strategy, the Basis Pursuit technique and the developed Divide-andConquer approach. Then we will compare the results obtained by these different methods.
Adaptive wavelet denoising
In general, the noise associated with a signal constitutes an irregularity in the signal and can be located in the high frequencies, which means in the details. This is why it can be dissociated from the signal by eliminating those details.
By removing or reducing the details selectively at desired levels, we can eliminate or reduce the effect of certain frequencies, and hence reduce the undesirable noise. To reduce or eliminate certain details, we have to find a threshold below which the detail is eliminated or reduced. Choosing the proper threshold and the way to apply it to the details are some of the most important tasks in the denoising process. A threshold satisfying these conditions can be estimated at every level.
The standard threshold th = σ 2 log 10 N j established by Donoho [19] is used extensively.
An adaptive threshold specific to the nature of the lightning current derivative signal was calculated by the following algorithm [12, 13] .
At every level of decomposition the threshold is estimated by:
-Finding the location of the maximum value of the signal, -Delimiting a zone around the maximum value, -Considering only the detail coefficients outside delimited zone, Threshold = standard deviation(Detail coefficients outside delimited zone) * 2 * log length(Detail coefficients outside delimited zone) .
The adaptively denoised lightning current derivative is estimated by evaluating the wavelet transform of the measured signal, calculating the threshold for every level of decomposition and applying it to truncate all the detail coefficients of that level by a fraction of the threshold depending on the level of decomposition, and then reconstructing the waveform with the new modified details.
Method of frames denoising
Denoising by the Method of Frames [15] is achieved by minimizing the least square fit error in addition to a penalizing term as represented by the expression
where λ is a penalizing parameter usually taken as the standard Donoho threshold, which is equal to σ 2 log(p) where σ is the estimated noise variance and p is the dictionary cardinality.
Expression (5) is generally solved using linear algebra matrix inversion tools. In the case of a tight frame dictionary such as the wavelet packet or the cosine packet dictionaries, the solution of (5) reduces to
where L = p/n is the degree of redundancy of the dictionary. This expression shows that the Method of Frames denoising shrinks linearly by the same amount every atom that is not orthogonal to the signal. Consequently, the reconstructed signal is just a scaled version of the original noisy observations defined bŷ
Best orthogonal basis denoising
The tree-like structure of the wavelet packet transform gives it very special properties, as certain special sub-collections of the elements in this tree (dictionary elements) amount to orthogonal bases; in this way one gets a wide range of orthonormal bases. The Best Orthogonal Basis algorithm [15] picks from among these many bases a single orthogonal basis that is the "best basis." This best basis has a minimal cost function.
If (s[B] I ) denotes the vector of coefficients of a signal s in the orthogonal basis B, and if an entropy function E(s[B]) = Σ I e(s[B] I ) is defined, where e(s) is a scalar function of a scalar argument called cost function, BOB solves:
Min E(s [B] ): B orthogonal basis ⊂ D . (8) Once the best basis is chosen by (8) , the denoising is achieved by truncating the elements of the best basis by a specific pres-established threshold.
Denoising by the matching pursuit
In the Matching Pursuit strategy [17] , the signal s is decomposed in the Gaussian or Gabor functions or any other type of functions or elements of a specific dictionary. The element of decomposition that contributes to the maximum energy is selected. The rest of the elements are considered to form a residue R n s at level n of decomposition. Iteratively, as shown by (9), the residue is processed in the same way to select the part of it that contributes to the maximum energy, until a level m is reached where the residue R m s is considered to be noise that will be rejected and the signal is reconstructed back by all the components that have been selected during the process
Denoising by the basis pursuit
In the Basis Pursuit strategy [18] , the signal is decomposed in the wavelet packet, cosine/sine or any other basis. The result of decomposition is put in a matrix format and the matrix representation is optimized to count only the elements that are fundamental to represent the signal, which means the optimal basis. Hence basis pursuit comes to a matrix reduction. In this method, the problem is formulated and tackled as if it was a linear programming issue by minimizing the l 1 norm of the representation coefficients to obtain the optimum basis in which the signal can be represented, which comes to solving:
Min α 1 , subject to Φα = s . (10) Translating the denoising problem into the basis pursuit philosophy, the following will be solved:
The solution α(λ) to (11) is a function of the parameter λ, assuming the dictionary to be normalized so that Φ γ 2 = 1 for all γ , λ is set to the value λ p = σ 2 log(p), where p is the cardinality of the dictionary and σ is the noise variance.
The result of optimization that is the optimum (best) basis is searched via an optimization technique as the simplex method or the primal-dual interior barrier method that looks for the basis that best contributes to the signal and reduces the noise [20, 21] .
Denoising by the modified spectral subtraction
The Spectral Subtraction denoising technique has been used extensively in the speech processing. In this technique the signal is divided into frames (speech periods) over some chosen windows (12) . The spectral power of each frame is evaluated. Each frame is accompanied by a silent moment carrying no information and considered as a noise only signal. The noise is considered as uncorrelated with the speech signal. The power spectral of the noise is subtracted from the speech frame power spectral (13) , and the signal is reconstructed by the processed frames through an inverse Fourier transform and an add-overlap technique. In the modified technique [11] the noise is supposed to be correlated with the signal. A portion of the correlation coefficients proportional to the SNR in each frame is also subtracted from the power spectral of the signal (14) . The drawback of this technique is that ignoring the noise phase at each frame, the phase of the noised frames is used to reconstruct the signal which diminishes its efficiency. (12) Ŝ w e jω 2 = Y w e jω 2 − D w e jω 2 ,
where α(SNR) is an over subtraction factor, β is a spectral floor parameter and δ is a cross correlation coefficient that estimates the correlation between the noise and the signal in the considered window frame [22] .
Denoising by divide-and-conquer
The results of denoising the lightning current derivative signals obtained by the application of the different adaptive denoising methods presented so far proved to be unsatisfactory in most cases [23] . In this section, we develop a new approach that is appropriate to the characteristics of the lightning current derivative signal and its associated current obtained by integration.
The new strategy presented in [23, 24] is built upon the ideas developed in the optimization domain, and it rests on a Divide-and-Conquer (DAC) principle where the problem is tackled in steps and the signal is divided according to its content in different time slots.
It has been already stated and shown in Figs. 1-3 that the lightening current derivative signal contains a wide range of frequencies from DC to 100 MHz. A first step in the pre-treatment of the data, which is shown in the second part of Fig. 2 , is the removal of the DC component from the measured current derivative signal (Fig. 1) . Since the Rogowski coil bandwidth ends at about 40 MHz, therefore the measured signal can be smoothed to reduce the range of high frequencies. This process reduces the number of zero crossings in the current derivative waveform. Since the current waveform is obtained by integration, the high frequency noise is automatically removed from this waveform, which makes the search for its local minima and maxima much easier.
After these preliminary processes, and based on the initial and final conditions, the lightning current derivative waveform is divided into three sections; a) the time range before the lightning discharge, b) the time during the lightning discharge, and c) the time range after the discharge.
As initial and final conditions, it is known that there is no lightning signal before the first lightning discharge; therefore the signal registered before the arrival of the lightning signal is set to zero.
After the discharge there is no more peaks in the lightning current or its derivative other than the peaks due to reflections at structural discontinuities of the tower, and the current will keep on decaying until reaching the zero value after some milliseconds; so after approximately 10-20 μs the current derivative signal can be replaced by its mean value, hence reducing more noise.
The positive and negative peaks on the current derivative waveform correspond to the highest steepness on the ascending and descending curvatures of the current waveform, respectively, and the positive and negative peaks on the current waveform correspond to the zero crossings on the current derivative waveform as stated by the Newton-Raphson technique [21] . Hence the zero crossings on the current derivative waveform together with the successive positive and negative peaks on the current waveform on the active period of the lightning current derivative waveform are tracked simultaneously by marching on the two graphs or set of data.
The first peak of the current derivative waveform is localized, as well as the first zero crossing following this peak. This zero crossing corresponds to the front peak of the current waveform.
The next highest peak of the current waveform corresponds to the reflection from the ground [8] . Two small peaks in between the front peak and the ground reflection peak are due to the reflections from the Observation Deck levels of the tower. In the absence of the reflections from the tower's discontinuities, the current would be decaying until reaching zero. This is why the current peaks that follow the front peak and that are due to the reflections from the discontinuities have to be removed.
Once the first and the second successive peaks are localized, the noise due to current reflections is removed by subtraction. These successive processes reduce substantially the noise from the lightning current derivative and its associated current.
Results
The waveform of the lightning current derivative of Fig. 1 represents one of the worst cases of a lightning current derivative signal, where the current is almost completely embedded in the noise. The results of the application of the described adaptive denoising techniques on the chosen signal are depicted in Figs. 5-12. The figures are self-explanatory; they show the supremacy of the newly developed Divide-and-Conquer (DAC) adaptive technique. Fig. 11 shows clearly that the DAC method is the most suitable method for denoising the lightning current derivative signal in comparison with the other considered adaptive techniques. , it truncated the current derivative signal peak to two third of its original value and it also distorted the current waveshape. The Matching Pursuit (MP) method, represented in Fig. 8 , simply removed the desired lightning current derivative signal and denoised the Loran-C signal, which is a noise that always appears in the measured lightning current derivative signal. So this method is of special interest in denoising the Loran-C related noise. This is indeed expected from the MP method, as it usually chooses the coherent signals and fails in capturing sharp transitions.
The result of denoising by the Basis Pursuit (BP) method is represented in Fig. 9 . It shows that the method succeeded in removing the high frequency noise components with a marked improvement in the SNR, reaching 9.02 dB. However, the maximum amplitude of the measured signal has shrunk to 63% of its original value. Also, the low frequency noise components were not adequately removed.
In case of denoising the lightning current derivative signal by the Modified Spectral Subtraction (MSS) method, the signal was divided into frames of 2048 samples. Each frame was obtained by applying a Hanning window. There are no noise only signals between frames. The first frame, which represents the signal before the arrival of the lightning related signal that triggers the recording system, is taken as a noise only signal and is used to calculate the SNR of different frames. The result of denoising the signal of Fig. 1 by MSS is represented in Fig. 10 . We notice that this method succeeded in denoising selective parts of the signal where probably the phase of the noise matches the phase of the signal. It is also noticeable that the low frequency components of the noise have been successfully removed, that the peak value of the current derivative signal has increased due to the add overlap process, and the SNR has improved to 29.40 dB.
The results of denoising using the Divide-and-Conquer technique are displayed in Fig. 11 . We can see that not only has the noise been removed and the SNR improved to 71.41 dB, but also the amplitude and the waveshape of the signal have been preserved, which proves the supremacy of this method over the other denoising techniques. This made the determination of the current waveform parameters of a signal, which was originally almost completely embedded in the noise, possible. 
Conclusions
After investigating several adaptive denoising techniques built to overcome the problem of the dependency of the denoising process on the signal, we found that they were not fully adapted to the transient nature of the CN Tower lightning current derivative signal. This result prompted the development of a new technique that proved to be the most adequate to denoise the lightning current derivative signal and its associated current for the determination of their waveform parameters. This developed denoising procedure was inspired by two optimization techniques. The first technique is the Basis Pursuit that selects the best basis that represents a signal and removes the noise from it by optimizing its decomposition coefficients. The second one is the Newton-Raphson optimization technique that marches on the graph of a function or a signal to find its optimum points. This new technique divides the lightning current derivative signal according to its contents. It reduces the signal to zero in the absence of the lightning related signal and reduces it to its mean part at its decaying portion, and then it conquers its active part and removes from it the high frequency components and the current reflections. This reduces the noise to its minimum and keeps the waveshape of the signal especially its wavefront unchanged and facilitates the evaluation of the lightning current waveform parameters.
This paper also includes the detailed results obtained by applying different adaptive denoising techniques on one of the nosiest lightning current derivative signals having −22.93 dB SNR and an associated current, which is almost completely imbedded in noise. It was noticed that while the Adaptive Wavelet Denoising method improved the SNR to 24.33 dB and retained the current derivative and current peaks, some high and low frequency noise components remained, which complicated the determination of waveform parameters. The application of the Method of Frames on the same signal worsened the SNR and shrunk the amplitude of the current derivative signal. While the Best Orthogonal Basis technique remarkably improved the signal's SNR to 77.11 dB, it shrank its amplitude and distorted the current waveform. Instead of removing the noise from the transient current derivative signal, the Matching Pursuit method removed the desired transient signal and left the noise. The Basis Pursuit method improved the SNR to 9.03 but left the low frequency noise components and shrank the current derivative and current amplitudes. Although the Modified Spectral Subtraction denoising technique did not fully remove all noise components, it showed a marked improvement in the SNR reaching 29 dB.
On the other hand, the Divide-and-Conquer (DAC) denoising technique removed most of the noise, increasing the SNR to 71.41 dB. It also preserved the waveshapes and amplitudes of the current derivative and current allowing the proper determination of their waveform parameters.
Hence this study proved the supremacy of the new DAC denoising technique over many existing methods for the removal of the noise from the lightning current derivative signal and its associated current. It also showed that the nature of the signal and its noise contents are extremely important to know prior to the application of any denoising method.
